Rates of convergence in the strong invariance principle for 
non adapted sequences. Application to ergodic 
automorphisms of the torus 



Jerome Dedecker a , Florence Merlevede b and Frangoise Pene c 

a Universite Paris Descartes, Sorbonne Paris Cite, Laboratoire MAP5 and CNRS UMR 8145. 
Email: jerome.dedecker@parisdescartes.fr 

b Universite Paris Est, LAMA and CNRS UMR 8050. 
C^l | E-mail: florence.merlevede@univ-mlv.fr 

o 

. c Universite de Brest, Laboratoire de Mathematiques de Bretagne Atlantique UMR CNRS 
6205. E-mail: francoise.pene@univ-brest.fr 

i3 '. 

Key words: almost sure invariance principle, strong approximations, non adapted se- 
quences, ergodic automorphisms of the torus. 

m . 

Mathematical Subject Classification (2010): 60F17, 37D30. 

F. Pene is partially supported by the french ANR projects MEMEM02 and PERTURBA- 
Qh TIONS. 

•5 



X 



Abstract 



In this paper, we give rates of convergence in the strong invariance principle for non- 
adapted sequences satisfying projective criteria. The results apply to the iterates of ergodic 
automorphisms T of the <i-dimensional torus T d , even in the non hyperbolic case. In this 
context, we give a large class of unbounded function / from T d to R, for which the partial 
sum foT + foT 2 + -- - + fo T n satisfies a strong invariance principle with an explicit rate 
| of convergence. 

in 
o 



1. Introduction and notations 



Let (Q,A,¥) be a probability space, and T : i— > ft be a bijective bimeasurable transfor- 
mation preserving the probability P. For a u-algebra J-q satisfying J-q C T _1 (J-o), we define 
the nondecreasing filtration [Ti)i^% by Ti = T _ *(J-o). The L p norm of a random variable X 
is denoted by \\X\\ p = (E(|Xp> 

Let Xq be a real- valued and square integrable random variable such that E(Xo) = 0, and 
define the stationary sequence (Xj)j e z by X{ = Xq o T % . Define then the partial sum by 
S n = X\ + X2 + • • • + X n . According to the Birkhoff-Khinchine theorem, S n satisfies a strong 
law of large numbers. One can go further in the study of the statistical properties of S n . 
We study here the rate of convergence in the almost sure invariance principle (ASIP). More 
precisely, we give conditions under which there exists a sequence of independent identically 
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distributed (iid) Gaussian random variables (Zj)j>i such that 



sup 

Kk<n 



k 

^2{Xi - Zi) = o(n 1/p L(n)) almost surely, (1.1) 

i=l 



for p s]2,4] and L an explicit slowly varying function. Let us recall that, in the iid case, 
Komlos, Major and Tusnady [11] and Major [16] obtained an ASIP with the optimal rate 
<y/ p ) in mm as soon as the random variables admit a moment of order p. 

Since the seminal paper by Philipp and Stout [23J, many authors have considered this 
problem in a dependent context, but most of the papers deal with the adapted case, when 
Xq is Fq measurable (for instance, Tq is the past cr-algebra a(Xi,i < 0)). Unfortunately, it 
is quite common to encounter dynamical systems for which the natural filtration does not 
allow to control any quantity involving terms of the type ^(A,^.^)!^. 

In this paper, we shall not assume that Xq is J-"o-measurable, and we shall give conditions 
on ||E(X„|Jo)|| p , \\X_ n - E(X_ n \T )\\ p and \\K(Sl\^ n ) - E(S 2 n )\\ p/2 for flU]) to hold (see 
Theorems 13.11 and 13.21 of Section [3]) . These conditions are in the same spirit as those given 
by Gordin [6j for p = 2 to get the usual central limit theorem. Our proof is based on the 
approximation 

n 

Y^Xi = M n + R n 

by the martingale M n = d% + di + • • • + d n , where di is the martingale difference 

di = J2(E(X k \Ti) - E(X k \ 

fcez 

introduced by Gordin [6] and Heyde [9]. In the adapted case, similar conditions are given in 
the recent paper [I], together with a long list of applications. 

In the non adapted case, it is easy to see that our results apply to a large class of two- 
sided functions of iid sequences, or two-sided functions of absolutely regular sequences. But 
they also apply to much complicated dynamical systems, for which such a representation by 
functions of absolutely regular sequences is not available. In the next section, we consider 
the case where T is an ergodic automorphism of the d-dimensional torus T d , and P is the 
Lebesgue measure on T . In this context, we use the cr-algebra Ti considered by Le Borgne 
|12| . As a consequence of Theorem 12. 1\ we obtain that (|1.1|) holds for p = 4 and Xi = /oT 1 , 
where / : T d — > R, as soon as the Fourier coefficients (ck)kez d °f / are such that 

d 



w * ^n (1+ N) 3/4 log « (2+ N) for — « > w 8 - 

We also get that there exists a positive e such that 

k 

^2(Xi — Z{) = o(n l l 2 ~ £ ) almost surely, 



sup 

Kk<n I 



8=1 



as soon as 



i ck ' ^ a n (pr\w for some 6 > 1/2 ' 

These rates of convergence in the almost sure invariance principle complement the results by 
Leonov |14j and Le Borgne |12j for the central limit theorem and the almost sure invariance 
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principle respectively. Let us mention that Dolgopyat [2j established an ASIP with the rate 
o(n 1//2 ~ e ) (for some e > 0) valid for ergodic automorphisms of the torus and / a Holder 
continuous function. Thanks to the decorrelation estimates obtained in [13J, the rate for 
Holder observables can be improved by applying the general result of Gouezel in [7j to get 
the rate o(n 1//4+£ ) for every e > 0, and by applying the results of the present paper to 
get the rate o(n 1 / 4 L(n)). Up to our knowledge, the present work gives the first strong 
approximations results for such partially hyperbolic transformations T for unbounded (and 
then non continuous) functions /. 

To conclude, let us mention some previous works in the context of dynamical systems: 
several results have been established with the rate o(n l l 2 ~ £ ) for some s > (see \10 \ [3l HI 122 1 
[T7]). Results giving a rate in o(n 1//4+e ) for every e > can be found in |T9l [5J [181 U\- Most 
of these results hold for bounded functions /. 

Let us precise once again that we can reach the rate o(n 1 / 4 L(n)) instead of o(re 1//4+£ ) for 
every e > 0. Moreover, our conditions giving the rate o{n l l p 'L(n)) are related to moments 
of order p of /. Such results are not very common in the context of dynamical systems 
(let us mention [7j in the particular case of Gibbs-Markov maps, and [2 [21] for generalized 
Pommeau-Manneville maps). 

2. ASIP WITH RATES FOR ERGODIC AUTOMORPHISMS OF THE TORUS 

Let d > 2. We consider a group automorphism T of the torus T d = Mr/"L d . For every 
x £ M. d , we write x its class in T d . We recall that T is the quotient map of a linear map 
T : M. d — > M. d given by T(x) = S ■ x, where S is a d x d-matrix with integer entries and with 
determinant 1 or -1. The map x \— > S • x preserves the infinite Lebesgue measure A on IR rf and 
T preserves the probability Lebesgue measure A. We suppose T ergodic, which is equivalent 
to the fact that no eigenvalue of 5 is a root of the unity. In this case, it is known that the 
spectral radius of S is larger than one (and so S admits at least an eigenvalue of modulus 
larger than one and at least an eigenvalue of modulus smaller than one). This hypothesis 
holds true in the case of hyperbolic automorphisms of the torus (i.e. in the case when no 
eigenvalue of S has modulus one) but is much weaker. Indeed, as mentioned in [12] . the 
following matrix gives an example of an ergodic non hyperbolic automorphism of T 4 : 



S := 











-1 \ 


1 








2 





1 








1° 





1 


2 ) 



When T is ergodic and non hyperbolic, the dynamical system (T d , T, A) has no Markov 
partition. However, it is possible to construct some measurable partition [15J, to prove 
a central limit theorem [14j . Moreover, in [12], Le Borgne proved the functional central 
limit theorem and the Strassen strong invariance principle for (X^ = / o T')j under weak 
hypotheses on /, thanks to Gordin's method and to the partitions studied by Lind in |15j . 

We give here rates of convergence in the strong invariance principle for (X^ = /oT^ 
under conditions on the Fourier coefficients of / : T* — >• K. In what follows, for k G we 
denote by |k| = max i6 j 1; d y \ki\. 

Theorem 2.1. Let T be an ergodic automorphism of T d with the notations as above. Let 
p G]2,4] and q be its conjugate exponent. Let f : T d — > R be a centered function with Fourier 



coefficients (ck)kez d satisfying, for any integer b > 2, 



52 l c kl 9 < R^og- e (b) for some 6 > ^— j , (2.2) 
|k|>6 P ^ P ' 

52 l c k| 2 < Rlog-?(b) for some > ^Lll . (2.3) 
|k|>6 P 



and 



Then the series 



a 2 = A((/ - A(/)) 2 ) + 2 £ A((/ - A(/))/ o T k ) 

k>0 

converges absolutely and, enlarging T d if necessary, there exists a sequence (Zj)j>i of iid 
gaussian random variables with zero mean and variance a 2 such that, for any t > 2/p, 
k k 

sup 52 f °T l — 52 ^ = °( rel//p (log n)^' +1 ^ 2 ) almost surely, asti-f oo. (2-4) 



Kk<n 



1=1 1=1 



Observe that follows from ([22]) provided that 9 > (3p - 4)/(2p - 2). Hence, (l2~2l 

and (|2.3p are both satisfied as soon as 

V |c k | 9 < Rlog- e (b) for some > 3p - 4 , . 
^' 1 " 2(p - 1) 

|k|>6 ^ ; 

Let us now compare our hypotheses on Fourier coefficients with those appearing in other 
works. In [13], Leonov proved a central limit theorem (possibly degenerated) when 

d 

\ck\<AT\- , ,. 1/q — — - for some a > 3/2. (2.5) 

fJ(l + |^|) 1 /2log«(2 + |^|) 1 V ; 

In [12], Le Borgne proved the functional central limit theorem and the Strassen strong in- 
variance principle when (|2.3|) holds true with j3 > 2 (and when / is not a coboundary), which 
is a weaker condition than (|2.5p . Observe that, as p converges to 2, (p 2 - 2) /{p{p - 1)) and 
(3p — \)jp both converge to 1. 

3. Probabilistic results 

In the rest of the paper, we shall use the following notations: E^(Al) = E(X|J r fc), and 
a>n ^ b n means that there exists a numerical constant C not depending on n such that 
a>n — Cb n , for all positive integers n. 

In this section, we give rates of convergence in the strong invariance principle under pro- 
jective criteria for stationary sequences that are non necessarily adapted to J-%. 



Theorem 3.1. Let 2 < p < 4 and t > 2/p. Assume that Xq belongs to LP, that 



n>2 

and that 



3p/4 



E „ 2 n.l( t -iw 2 (PoPQ||f + ||^-n - Eo(X-,)llf ) < oo . (3.2) 



^(logn)^- 1 ^/ 2 

n>2 v ' 



5 



Assume in addition that there exists a positive integer m such that 

E ^^^t-D^ ll^^) " nSlWj; < oo . (3.3) 



n>2 



Then n -1 E(S^) converges to a 2 = Ylkez Cov(Xq, Xk) and, enlarging Q if necessary, there 
exists a sequence (Zj)j>i of iid Gaussian random variables with zero mean and variance a 2 
such that 



sup 

Kk<n 



Sk — Zj\ = o(n 1 / p (log n)^ +1 ^ 2 ) almost surely, as n — > oo. (3-4) 



i=l 



Theorem 3.2. Let t > 1/2. Assume that Xq belongs to L 4 and that the conditions h3.1\) and 
\3. 3\) hold with p = 4. Assume in addition that 

^n(logn) 4 - 2 '(||E (X n )||2 + ||X_ n -E (X_ n )||2) < oo . (3.5) 

n>2 

Then the conclusion of Theorem VJ.1\ holds with p = 4. 

Proof of Theorems 13.11 and 13.21 We first notice that since p > 2, ()3.ip implies that 
^n- 1 /f||E (X n )|| p <oo and £ rT^X^ - E (X_ n )|| p < oo 

n>0 n>0 

(apply Holder's inequality to see this). Let Pk(X) = Mk(X) —Kk-i(X). Using Lemma loTTI of 
the appendix with q = 1, we infer that 

J2\\Po(Xk)\\ P <oo. (3.6) 

In addition (|3.6p implies that n _1 E(5 2 ) converges to a 2 = Ylk&z Cov(Xo,Xfc). 

Let now do := Yljew.^'oi^j)- Then do belongs to L p and satisfies E^ol^-i) = 0. Let 
di := do o T l for all i £ Z. Then (c£j)j e g is a stationary sequence of martingale differences in 
L p . Let 

n 

M n := ^2 di and R n := S n - M n . 

i=i 

The theorems will be proven if we can show that 

R n = o(n 1//p (log n)(* +1 )/ 2 ) almost surely as n — > oo, (3-7) 

and that (|3.4p holds true with replacing Since E(c?q) = a 2 and t > p/2, according to 
Proposition 5.1 in [lj (applied with ip(n) := n 2 / p (log n)*), to prove that (|3.4[) holds true with 
Mfc replacing S^, it suffices to prove that 



ra>2 



By standard arguments, (|3.7p will be satisfied if we can show that 



r>0 



Now, by stationarity, || maxi<^< 2 r l-R^HIp <C 2 r / p Ylk=o 2~ k l p \\R 2 k Hp ( see f° r instance inequal- 
ity (6) in [23]) and for alii, j > 0, ||i2i + j|| g < ||-Rj||g + Applying then Item 1 of Lemma 
37 in |20| . we derive that for any integer n in [2 r , 2 r+1 [, 



max \RA 

Ki<2 r 



^n l ^Y, k ' (l+llP) W R k\\p- ( 3 - 10 ) 



k=l 



Therefore using (|3.1U|) followed by an application of Holder's inequality, we get that for any 
a < 1, 

II I D I IIP 1 n 

^ ||maXi<l< 2 r|.Kl|||p 1 /y^ ,-(l+l/p)|| p || 

2 r r(*+ 1 W 2 ^ n (log n^W 2 ^ 11 fclb 

n>2 v 6 ' k=l 

Hence taking a g]1 — p/(2(p — 1)), 1[ and changing the order of summation, we infer that 
(|3.9p and then (|3.7p hold provided that 

\\Rn\\ P 

S n 2( logn )(*-i) P /2 <0 °- ( 3 - U ) 
n>l 

On an other hand, we shall prove that condition (|3.8p is implied by: there exists a positive 
finite integer m such that 

S ^fw^t-iwa ll^^n) " nMl)\\ P j; 2 < oo . (3.12) 

n>2 \ o J 

For any nonnegative integer i, we set V{ := ||Eo(M 2 ) — E(M 2 )|| p / 2 . Using that M n is a 
martingale, we infer that, for any nonnegative integers i and j, 

Vi +j <Vi + Vj. (3.13) 

Let now n 6 [2 fc , 2 fc+1 — 1] n N, and write its binary expansion: 

k 

n = 2^^ where by. = 1 and G {0, 1} for j = 0, . . . , k — 1 . 

1=0 

Inequality (|3.13p combined with Holder's inequality implies that, for any r/ > 0, 

v%' 2 < ( e v 2l y /2 « 2^y> jz (^y /2 . (3.i4) 

1=0 1=0 

Therefore 

V 1 « V 2??P(fc+1)/2 V f^V /2 

^ n 2 fIoK7»)(*- 1 )f/ 2 n ^ 2 k k( t - 1 )p/ 2 ^ \2n e J ' 

n>2 y b ; fc>0 £=0 

Changing the order of summation and taking 77 e]0, 2/p[, it follows that ()3.8[) is implied by 

E 2fcfe(t -l)p/ 2 ll E o(M 2 2 fc ) - E(M 2 2 fc )||^ < 00 (3.15) 
fc>l 



(actually due to the subadditivity of the sequence (Vi) both conditions are equivalent, see the 
proof of item 1 of Lemma 37 in [2D] to prove that (|3.8p entails (|3.15|) ). Now, since (M n ) is a 
martingale, 

k 

E (M 2 k ) - E(M 2 2 fe ) = (E ((M 2J - M 2J ^f) - E((M 2J - M 2J -,) 2 )) + E (d 2 ) - E(dj) , 

3=1 

which implies by stationarity that 

fc-i 

||E (M 2 2 -E(M 2 2 0|| p/2 < Y, ||E-2,(M 2 )-E(M 2 )|| p/2 + ||E (d 2 ) - E(d 2 )|| p/2 . 

3=0 

Therefore by using Holder's inequality as done in (|3. 14[) with r\ s]0, 2/p[, we infer that ()3. 15j) 
is implied by 

E 2kki L )p/ 2 \\ E -^ M ^ - ^M^l < oo . (3.16) 

k>l 

Notice now that the sequence (W n ) n> o defined by 

W n :=||E_ n (M 2 )-E(M 2 )|| p/2 

is subadditive. Indeed, for any non negative integers i and j, using that M n is a martingale 
together with the stationarity, we derive that 

W i+j = \\E_ {i+j) (M 2 ) - E(M 2 ) + E_ (i+i) ((Af i+j - Mi) 2 ) - E((M i+j - Af,) 2 )|| p/2 

f 2 \ U7 1 71 #2 \ 1 1 i 1 1 1? . I 71 jf \ 1 \ TU / 71 JT _ \ 2 > 



< ||E_,(M/) -E(M/)|| p/2 + \E^{M 3 Y) -E{M 3 Y)\\ vj2 



<Wt + Wj . 



Therefore Wf£ < 2f/ 2 Wf /2 + 2P/ 2 wf 2 . This implies that, for any integer £ and any integ< 

< j < £, 



Wf 2 < 2^ 2 (wf 2 + Wffi, in such a way that (£ + l)wf 2 < 2 1+ ^ 2 £ wf 2 . (3.17) 

3=1 

Therefore using the second part of (|3.17[) with £ = 2 k , we infer that condition (|3.16|) is implied 
by 

g n»(logn)<~W» ~ E(M " ) H"/ 2 < °°- (3 - 18) 

It remains to prove that (|3.12p implies (|3.18|) . With this aim, we have, for any positive integer 

m, 

m 

M n = E {M k [ nm -i] - M( jfc _ 1 )[ nm -i]) + M n - M m [ nm -i] . 
fc=i 

Using that M n is a martingale together with the stationarity, we then infer that 



|E_ n (M 2 ) -E(M 2 )||^ < 2^/ 2 ||E_ n (M 2 nm _ 1] ) -E(M 2 nm _ 1] )||^ 



+ 2 p/2 ||E_„(M 2 r _ 11 )-E(M 2 r _n)l |P/2 

i " || n—m\nm L \' \ n— m\nm 



which, together with the fact that n — m[nm 1 ] < m, implies that 

||E_ n (M 2 ) -E(M n 2 )||^ < 2^m^(2^\\d Q \\l+ \\E. n (M 2 nm ^) - E(M 2 nm ^)\\ p J^ 

< 2 ^m^(2^\\d \\P + WE^^iM^) - E(M [ 2 nm _ 1] )||^) , (3.19) 

where for the last line we have used the fact that n > m[nm -1 ]. We notice now that due 
to the martingale property of (M n ) and to stationarity, the sequence (£/j)j>o defined for any 
non negative integer i by 

^:=||E_ mi (M 2 )-E(M 2 )||^ 
satisfies, for any positive integers i and j, 



U, 



i +j < (||E_ m(i+j) (M 2 )-E(M 2 )|| p/2 



+ ||E_ m(i+i) ((M i+j - M 4 ) 2 ) - E((M i+j - M,) 2 )|| p/2 ) P/2 < 2P/ 2 Ui + 2^ 2 U j . 
Hence by (pTTTl) applied with Wf /2 = U h 

[nm~ 1 ] [nm~~ ] 

J7 [nm -i ] <2 1 ^/ a ([nm- 1 ] + l)- 1 £ 0* < 2^/ 2 £ ^. (3.20) 

fc=i jfc=i 

Therefore starting from (|3.19p . considering ()3.20p and changing the order of summation, we 
infer that (|3.18p (and so (|3.8|) ) holds provided that (|3.12p does. To end the proof, it remains 
to show that under the conditions of Theorems 13.11 and 13.21 the conditions (|3.1ip and (|3.12|) 
are satisfied. This is achieved by using the two following lemmas. 

Lemma 3.1. Let p £ [2,4]. Assume that \3. 1\) holds. Then 

max^Jli?^ 



n 2 (logn)(*- 1 W2 < °°' 

n>l v ' 



and 113. 11\) holds. 



Lemma 3.2. Let p £ [2,4] and assume that \3.1\) and &3. 3\) are satisfied. Assume in addition 
that \3.ty holds when 2 < p < 4 and \3.5\) does when p = 4 . Then (|3.12|) is satisfied. 

It remains to prove the two above lemmas. 

Proof of Lemma 13. 1L Since (|3.ip implies (|3.6p . Item 2 of Proposition 15.11 given in the 
appendix implies that, for any positive integers £ and N, 

\\Rt\\ P <. max ||E (5 fc )|| p + max \\S k - E k (S k )\\ p + I 1 ' 2 V ||P (^,)II P - 

k=£,N k=£,N * — ' 

b'l>iv 

Next, applying Lemma 15.11 given in the appendix with q = 1, and using the fact that by 
stationarity, for any positive integer k, 

k k-i 
||Eo(fi*)|| p < H E oPQ)ll P and \\S k - E k (S k )\\ p < \\X-i - E (X_ £ )|| P , (3.21) 

£=\ £=0 



we derive that for, any positive integers N > n 

N JV-1 

KKn 



max H^llp < V ||E (X fe )|| p + V \\X_ k - E {X_ k )\\ p + 

k=l k=0 

+ n i/2 l|Eo(X fc )|| p , n i/2 \\ x -k ~ Eo(X_ fc )|| p 

fe>[AT/2] ' fc>[JV/2] 

The lemma follows from ()3.22[) with N = [n p / 2 ] by using Holder's inequality (see the compu- 
tations in the proof of Proposition 2.2 in [I]). □ 

Proof of Lemma 13.21 Let m be a positive integer such that (j3.3j) is satisfied. We first write 
that 

||E_ nm (M 2 ) -E(M 2 )|| p/2 < ||E_ nm (S 2 ) -E(5 2 )|| p/2 

+ 2||E_ nm (S' n i? n ) — E(S n R n )\\ p / 2 + 2||i? n ||p . 
By using Lemma 13. 11 and since (|3.3|) holds, Lemma 13.21 will follow if we can prove that 

E ^?to^F^ l|E ^ (WI1 ^ < 00 • (3 - 23) 

n>l 

With this aim we shall prove the following inequality. For any non negative integer r and 
any positive integer u n such that u n < n, we have that 

\\E^.(S n R n )\\ p/2 < y^dlEo^lh + ||^n - E n (5 n )|| 2 ) + max \\R k \\ 2 p + 

k={n,n—u n } 

+ V^(m~u n (Sn)h + l|5„ -E n+Un (5 n )|| 2 ) + max ||E_ r (,S 2 ) - E(S 2 )|| p/2 

k={n,u n } 

+^(EII E p o( x Mf) 1/2 - ( 3 - 24 ) 

fc=l |j'|>fc+n 

Let us show how, thanks to (|3.24p . the convergence ()3.23p can be proven. Let us first consider 
the case where 2 < p < 4. Notice that the following elementary claim is valid: 

Claim 3.1. If J 7 and Q are two a-algebras such that Q <Z J-, then for any random variable 
X in L« for q>l, \\X - E(X\T)\\ g < 2\\X - E(X\G)\\ g . 

Starting from ()3.24p with r = nm and u n = n, and using Claim 13.11 we derive that 

||E„ nm (5 nJ R n )|| p/2 « ||E_„ m (5 2 ) - E(S 2 n )\\ p/2 + v / ^(||E (5 n )|| 2 + \\S n - E n (S n )\\ 2 ) + 

+ \\R n f p + n Y, ll^o^Olb- 

\j\>n 

This last inequality combined with condition (|3.3p and Lemma 13. II shows that ()3.23p will be 
satisfied if we can prove that 

^ n m ORn) (t-iW2 (\\ E o(Sn)h + \\Sn- E n (S n )h) p/2 < oo , (3.25) 

n>l v & / 
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and 

E^^(EW(W /2 <oo. (3.20) 

n>l y & ; \j\>n 

To prove (|3.25p . we use the inequalities ()3.2ip with p = 2. Hence setting 

a t = ||E pQ)|| 2 + - E (X_ m )|| 2 , (3.27) 
and using Holder's inequality, we derive that for any a < 1, 

" niw^e ML ! lie w fc wiAP/ 2 — " / _ \^ 

p/4„(l-a)(p/2-l) » 



£ ^3(i^F^ (l|E0(S " )l12 + - E " (S " )IW * £ n°(logr,)«-w4 I>) 

>1 v 6 7 n>l v & 7 ^=1 



n> 



^ n m ^ /Q (p/2-i) p/2 

^ n2 (logn )(t-i) P /2 2^ a t 



Taking a G](3p — 8)/(2p — 4),1[ (this is possible since p < 4) and changing the order of 
summation, we infer that (|3.25p holds provided that (|3.2[) does. It remains to show that 
(|3.26p is satisfied. Using Lemma [57T1 and the notation (|3.27p . we first observe that 

n^logn)^- 1 )?/ 2 ^ 11 ° ( ^n^logn^-^M ^ °V ' 

n>l v b ; \j\>n n>l v fa ; t>[n/2] 

Therefore by Holder's inequality, it follows that for any a > 1, 

„nP/2 , m p/2 ri (l-a)(p/2-l) 

^ ^(logn)^- 1 )?/ 21 ^ " 01 jJ " j ^ n^logn)^" 1 ^/ 2 ^ ' " 

n>l K b 7 \j\> n n>l v to ; €>[n/2] 

Therefore taking a e]1, 2[ and changing the order of summation, we infer that (|3.25p holds 
provided that (|3.2|) does. This ends the proof of (|3.23j) when p e]2, 4[. 

Now, we prove (|3.23p when p = 4. With this aim we start from (|3.24p with r = nm and 
Un = [V™\ ■ This inequality combined with condition (|3.3p , Lemma 13.11 and the arguments 
developed to prove (|3.25p and (|3.26|) shows that f)3.23f) will be satisfied for p = 4 if we can 
prove that 

^ ndognW 1 ) 01 ^^^" 2 + " 5n " E "W^)ll2) 2 < oo > (3-28) 

n>l ^ ' 

and 

E n2(lQ ' )2 ,-D (^) " E(^)|| 2 < oo . (3.29) 

n>2 V S / 

We start by proving (|3.28|) . With this aim, using the notation (|3.27|) . we first write that 

\\^-[^(Sn)\\2 + \\S n -E n+[v ^(S n )\\ 2 < Yl ak - 

k=[y/n\+l 
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Therefore by Cauchy-Schwarz's inequality 

•1 v ; n>l v ' 



'""ft 



n>l v ° ' n>l v ° ' fe=[Vn]+l 

n+W™\ , , , 

K log fc 2 



n ^ (logA;) 2 ^- 1 ) 

n>l fe=[ v ^]+l V & ; 

Changing the order of summation, this proves that (|3.28p holds provided that (|3.5p does. It 
remains to prove ()3.29p . With this aim, we set for any positive real x, 

h([x]) = \\E_ m[x] (Sf x] )-E(Sf x] )\\ 2 2 , 

and we notice that, for any integer n > 0, ||E_ nTO (S?y^) — K ( 5'p v ^] ) 1 1 2 — h{[V™\)- ^ n addition, 
if x G [n,n + 1[, then [\/n\ = [yfx\ or [\/n\ = [y/x\ — 1. Therefore 

1 — r 1 

E^Ti < y^Mtv 7 ^]) / -57: Wt-iWo ^ 

^JV^lognP ^P/ 2 ^ J[n,n+1[ X 2 (logx)(* Wl 1 

f'OO -y POO -y 

<K h xHlo g x)(t-^ hM)dX + J 3 xHlo gX )(^ hM - 1)dX 
f°° 1 1 

«J 2 y 3 (log y){t -i )p/ 2 h M)dy « E n3(log n)(t _ 1)p/2 • 

For the last inequality, we have used that if y G [n, n + 1[, then [y] = n. Therefore condition 
(1331) implies This ends the proof of fl5j23J) when p = 4. 

It remains to prove (|3.24p . With this aim, we start with the decomposition of R n given in 
Proposition 15. II of the appendix with N = n. Therefore setting 

n n 

^ : =E E w+EEw- 

k=lj>2n+l k=lj>n 

we write that 

R n = E (5 n )-Eo(5 n )or t +E_ n (5 n )oT n +5 n -E n (S n )-(E 2n ( < S n -E n (5 n ))or-™- J 4 n . (3.30) 
Starting from ([3.30P and noticing that 

||E_ r (S n (E_ n (S n )oT n )|| p/2 < ||E (S' n (E_ ri (S' n )or i )|| p/2 < \\E (S n )\\ p \\E (S 2n - S n )\\ p , 
and that E_ r (S n (S n — E n (S n )) = E_ r ((5 n — E n (£ n )) 2 ), we first get 

||E_ r (5 n i2„)|| p/2 < 2\\E (S n )\\ 2 p + \\S n - E n (S n )\\l + \\E„ r (S n E n {S 2n - S n ))\\ p/2 

+ ||E_ r (S n E n (S n o T- n - E (S n o T-™)))|| p/2 + ||E_ r (5 n A n )|| p/2 . (3.31) 

Next, we use the following fact: if X and Y are two variables in L p with p G [2,4], then for 
any integer u, 



\E u (XY)\\ p/2 < \\E U (X 2 ) - E(X 2 )\\ p/2 + \\Y\\ 2 p + y/E(XZ)\\Y\\ 2 . (3.32) 
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Indeed, it suffices to write that 

\\E u {XY)\\ p/2 < \\E]l 2 (X 2 )E}l 2 {Y 2 )\\ p/2 

< \\\e u (x 2 ) -Hx 2 )\ x / 2 ^/ 2 (y 2 )\\ p/2 + (e(x 2 ))^ 2 \\eI/ 2 (y 2 ) ||p/2 

< \\E U (X 2 ) - E(X 2 )\\ p/2 + \\Y\\ 2 p + (E(X 2 )) 1 / 2 \\E 1 J 2 (Y 2 )\\ p /2 , 

and to notice that, since p £ [2,4], ||Ei /2 (Y 2 )|| p/2 < ||Ei /2 (Y 2 )|| 2 = ||Y|| 2 . Therefore, starting 
from (|3.3ip and using (|3.32p together with E(S 2 ) <C n, we infer that 

\\E_ r (S n R n )\\ p/2 < \\E {S n )\\ 2 p + \\S n - E n (S n )\\ 2 p + \\E„ r (S n E n (S 2n - S n ))\\ p/2 
+ \\E_ r (S n E n (S n o T~ n - E (S n o T- n )))\\ p/2 

+ ||E_ r (^) - E{S 2 n )\\ p/2 + \\A n \\ 2 p + n l ' 2 \\A n \\ 2 , 

and since ||E (5 n )|| p < ||i2 n || P , \\S n - E n (S n )\\ p < 2\\R n \\ p and \\A n \\ p < 8||i?n||p, we have 
overall that 

\\E_ r (S n R n )\\ p/2 < \\R n \\ 2 p + \\E^ r (S n E n (S 2n - S n ))\\ p/2 

+ \\E^ r {S n E n {S n o T~ n - E (5 n o T- n )))\\ p/2 + ||E_ r (S 2 ) - E{S 2 n )\\ p/2 + n x ' 2 \\A n \\ 2 . 

(3.33) 

By orthogonality and by stationarity, 

Unh 



* (Ell E ^W)|:) 1/2 + (E||Eft(^)|D 1/2 

fe=l j>2n+l fc=l j>n 

£ (Ell E p »™||D 1/2 + (El E p °< x 



k=l l>k+n 

Now for any integer u n such that u n < n, 



r 



(3.34) 



||E- r (5 n E n (5'2n — £n))||p/2 < \\E_ r ((S n — S n - Un )E n (S 2n — £ n ))||p/2 

+ \\E- r (S n - Un E n (S 2n — S n ))\\ p / 2 

« ||E_ r (S 2 J - E(S 2 Un )\\ p/2 + \\E (S n )\\ 2 p + ^||Eo(5 n )|| 2 

+ \\E„ r {S n „ Un E n (S 2n - S n ))\\ p/2 , (3.35) 

where for the last inequality we have used (|3.32p together with E(S 2 n ) <C u n . Next, we write 
that 

\\E- r (S n - Un E n (S 2n — S n ))\\p/2 < ||E_ r ((5 n _ Un — E„_ Un (S , „_ Un ))E ri (5 2ri , — S n ))\\ p / 2 

+ ||E_ r .(E n _ Mn (S , „_ Un )E n (5 2n — SVi))!!^ 

< |Pn-«„ — E n _ Un (S' ra _ Un )||p||Eo(5 n )||p + ||E_ r (E n _ Un (S n _ Un )E n _ Un (S2n — 5'n))llp/2 

< ll'S'n-un — E ra _ Un (5 n _ Un )||p + ||Eo(5 n )||p + \\E_ r (S n E n _ Un (S 2n — S^))|| p / 2 

+ ||E_ r ((5 n — S n - Un )E n _ Un {S 2n — S n ))\\ p / 2 . 
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Therefore using (|3.32p . we infer that 

||E_ r (5„_ Un E„(5 2n - 5 n ))|| p/2 « max H^H? + v^||E_^(S n )|| 2 

k={n,n— u n j 

+ max [|E_.(Sg) - E(5 fe 2 )|| p/2 . (3.36) 

k={n,u n \ 

We deal now with the third term in the right-hand side of (|3.33p . With this aim, we first 
write that 

\\E_ r (S n E n (S n o T- n - E (S n o r-*)))|| p/2 < ||E_ r (S n E n (5 n o T~ n - E Un (S n o T- n )))\\ p/2 

+ ||E_ r (S' n E Un (5 B o T- n - E (S n o r- n )))|| p/2 . (3.37) 

By using (|3.32|) together with E(5^ ) <C n, stationarity and the fact that \\S n — E n+Un (S n )\\ 2 < 
2\\R n \\ p , we infer that 

\\E_ r (S n E n {S n o T- n - E Un (S n o T- n )))\\ p/2 < ||E_ r (S£) - E(S 2 n )\\ p/2 

+ \\R n \\ 2 p + ^\\S n -E 

n+u n {S n )h. (3.38) 

On the other hand, 

\\E_ r (S n E Un (S n oT- n -E (S n oT- n )))\\ p/2 < \\E^ r (S Un E Un (S n oT- n -E (S n oT- n )))\\ p/2 

+ ||E_ r (E Un (5 n - S Un )E Un (S n o T- n - E (S n o T~ n ))\\ p/2 . 

We apply (|3.32|) to the first term of the right hand side together with E(S 2 )<n, Hence by 
stationarity and since \\S n — E n (S n )\\ p < 2\\R n \\ p , we derive that 

\\E^.(S Un E Un (S n oT- n -E (S n oT- n )))\\ p/2 « \\E_ r (S 2 u J-E(S 2 Un )\\ p/2 + 

+ \\Rn\\l + >/Un\\ S n ~ E n (S n )\\ 2 . 

On the other hand, by stationarity, 

\\E_ r (E Un (S n - S Un )E Un {S n o T~ n - E (S n o T- n )))|| p/2 

< ||E Un (5 n - S Un )\\ p \\E Un (S n o T- n - E (5 n o T~ n ))\\ v 

—Un)\\p\\Sn E n (iSVi))||p ■ 

< ll E o(5'„- ltn )||p + \\Rn\\p ■ 

Therefore we get overall that 

||E_ r (5 n E Un (S n o T- n - E (S n o T- n )))\\ p/2 < \\R n \\ 2 v + \\E (S n ^ Un )\\ 2 p 

+ \\E. r {S 2 Un ) - E(^)|| p/2 + ^\\S n - E n {S n )\\ 2 . (3.39) 

Starting from (|3.37p and taking into account (|3.38|) and (|3,39p . we get that 

\\E_ r (S n E n (S n o T- n - E (S n o T- n )))\\ p/2 < y/^\\S n — E n {S n )\\ 2 + y/n\\S n — E„ +Un (S n )|| 2 

+ max ||E_ r (Sf)-E(Sfc)|| p/2 + max \\R k \\l ■ (3.40) 

k={n,u n } k={n,n—u n } 

Finally, starting from (|3.33|) and considering (|3.34|) . (|3.35|) . (|3.36|) and (|3.4U|) . we conclude 
that ([3T2%P holds. □ 
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4. Proof of Theorem 12.11 

4.1. Preparatory material. Let us denote by E u , E e and E s the 5-stable vector spaces 
associated to the eigenvalues of S of modulus respectively larger than one, equal to one 
and smaller than one. Let d u , d e and d s be their respective dimensions. Let v±, ...,Vd be a 
basis of M. d in which S is represented by a real Jordan matrix. Suppose that v\, ■■■,Vd u are 
in E u , v du+1 ,...,v du+ d e are in E e and Vd u +d e +l, Vd are in E s . We suppose moreover that 
det(fi|u2| • • • \vd) = 1- Let us write || • || the norm on U. d given by 



X{V% 
i=l 



max \Xi\ 
i=l,...,d 



and do(-, •) the metric induced by || • || on M. d . Let also d\ be the metric induced by do on 
T d . We define now B u (5) := {y G E u : \\y\\ < 6}, B e {8) := {y G E e : \\y\\ < 5} and 
B S (S) = {y E E s : \\y\\ < 5}. Let | • | be the usual euclidean norm on M. d . 

Let r u be the spectral radius of . For every p u G (r u , 1), there exists K > such that, 
for every integer n > 0, we have 

Vh u EE u , \\S n h u \\>Kp- n \\h u \\ (4.41) 

and 

V(/i e A) G £ e x £ s , 11^(^ + ^)11 < K(l + n) d e\\h e + h s \\. (4.42) 

Let p u G (r u ,l) and X satisfying (|4.4ip and (j4.42|) . Let m u , m e , m s be the Lebesgue 
measure on E u (in the basis v%, Vd u ), E e (in the basis v du +i, ...,Vd u +d e ) and E s (in the basis 
v du+ d e +i, ---^d) respectively. Observe that d\(h u + h e + h s ) = dm u (h u )dm e (h e )dm s (h s ). 

The properties satisfied by the filtration considered in |15l [12] and enabling the use of a 
martingale approximation method a la Gordin will be crucial here. Given a finite partition 
V of T d , we define the measurable partition Vq° by : 

Vx G T d , V^{x) := p| T k V{T~ k {x)) 

k>0 

and, for every integer n, the cr-algebra T n generated by 

Vx G T d , V°° n {x):= p| T k V(T- k (x)) =T~ n {V^{T n {x)). 

k>—n 

These definitions coincide with the ones of [12] applied to the ergodic toral automorphism T . 



We obviously have T n C F n+ \ = T \F n . Let ro > be such that (h u , h e , h s ) ^ h u + h e + h s 
defines a diffeomorphism from B u (ro) x B e (ro) x B s (ro) on its image in T d . Observe that, 
for every x G T d , on the set x + B u (ro) + -B e (^o) + B s (ro), we have dA(x + /i u + /i e + h s ) = 
dm u (h u )dm e (h e )dm s (h s ). 

Proposition 4.1 ([151 02] applied to T^ 1 ). T/iere exisi some Q > 0, K > 0, a G (0,1) 
cm<i some finite partition V of T d whose elements are of the form Yli=i ^i^i w here the li are 
intervals with diameter smaller than m.in(ro, K) such that, for almost every x G T d , 



1. the local leaf ^^(x) of containing x is a bounded convex set x + F(x), with 
G F(x) C E u , F{x) having non-empty interior in E u , 
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2. we have 

En(/)(*)= fC-nr(Tn-K I f (x + K) dm u (h u ) , (4.43) 
m u (S n F(T n x)) Js-^ F (T"x) 

3. for every 7 > 0, we have 

m u (d(F(x))( 7 )) < Qy, (4.44) 

where 

dF((3) :={y£F : d(y, 8F) < /?}, 

4. for every k G Z d \ {0}, for every integer n > 0, 

E_ n (e 2i7T ^)(x) < ; K ° , N J k| de+d °a", (4.45) 

" V A ; - m u (F(T-"(x)))' 1 V ; 

5. /or every /3 G (0, 1), 

3L > 0, Vra > 0, A(m u (F(-)) < (3 n ) < L(3 n / d ". (4.46) 



Proof. The first item comes from Proposition II. 1 of [12]. Item 2 comes from the formula 
given after Lemma II. 2 of [12]. Item 3 follows from Lemma III. 1 of [12J and from the fact 
that the numbers a(7 3 o°(-)) considered in [12] are uniformly bounded. Item 4 comes from 
Proposition III. 3 of [12] and from the uniform boundedness of o,(Vq°(-)). Item 5 comes from 
the proof of Proposition II. 1 of [12]. □ 



According to the first item of Proposition 14. II and to (|4.4ip . there exists c u > such that, for 
almost every x G T d and every n > 1, we have 

sup \h u \ < c u p n u . (4.47) 

h u eS- n F(T n (x)) 

Proposition 4.2. Let p > 2 and q be its conjugate exponent. Let 9 > and f : — > R be 

a centered function with Fourier coefficients (ck)kez d satisfying 

£ \c k \ q <Rlog- e (b). (4.48) 
|k|>6 

Then 

\\Mf o mip = m-nW\\ p = oin-^- 1 ^) . 

Proof. Recall first that E (/ o T n ) = E_ n (/) o T n . Let us consider a satisfying (T3~4"5l) . 
Let := a 1 / 2 , 7 := max(aP/ 2 , /9 1 /**) and V„ := {x G T d : m„(F(T- n (x)) > /3"}. Let 
6( n ) : = [ 7 -n/(2p(rf+d e +rf s ))j_ Let us write 

/ = /i,n + /2,n where h,n ■= c k e 2 ^ and / 2>n := £ c k e 2 ^. (4.49) 

|k|<6(n) |k|>6(n) 

We have 

/ |E_ n (/i, n )|fdA < esssup ( £ |cfc||E_ n (e* w fc->)(aO| V ' 
•^ V ™ xeVn |k| <b(n) 

< ( ^ |c k |^o/?" n |k| de+ds a n 
|k|<6(n) 
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according to (|4.45p and thanks to the definition of V n . Now, since j3 = a 1 / 2 , we get 

|E- n (/i,„)| p dA < 3*||/||?K p a^(6(n))^ + ^ + ^). 



Hence 

|E-n(/i,n)| p d\ = 0( 7 "(^)) p(d+de+ds) ) = 0(7 n/2 )- (4.50) 



Moreover, thanks to (|4.46p . we have 



|k|<6(n) 

= 0((b(n)) dp p n ^) = 0((b(n)) dp j n ) = 0( 7 " /2 ). (4.51) 
Since p > 2 and since p/q = p — 1, thanks to (|4.48p . we have 

m-n(f2,n)\\ p p <\\f2,n\\ p p <( £ |c k |«) ^ < R^ 1 (log^n)))-^ « n^ 1 ) . (4.52) 

|k|>6(n) 

Combining (|4.50p . (|4.5ip and (j4.52|) . the proposition follows. □ 
Proposition 4.3. Under the assumptions of Proposition \4~J^ 

\\Mf ° T- n ) - f\\ p = ||E n (/) - /|| p = OCn-^- 1 )^) . 

Proof. We consider the decomposition (|4.49j) with b{n) defined by b(n) = [p u ™^ 2 ^ +1 ^] . We 
have 

||En(/l,n) — /l,n||p — \W>n(fl,n) ~ /l,n||oo 

< Yl |ck|||E n (e 2 ^ k '-))-e 2 ^ k '-)|U 

|k|<6(n) 

< |ck|2^|k|c u/0 ™, 
|k|<6(n) 

according to ()4.43p and to (|4.47p . Therefore 

||En(/i,n) - h,n\\ p « (b(n)) d+1 p n u « p n J 2 . (4.53) 
Moreover, thanks to (|4.48|) . we have 

\\Mh,n)~ hA P p<nf2,n\\l<^{ E \ C ^) P/q 

|k|>6(n) 

< 2 p R p - 1 (\og(b(n)))- 6 ^-^ < n- 9 (P~V . (4.54) 
Considering (|4.53p and (|4.54p . the proposition follows. □ 

Proposition 4.4. Let p 6 [2,4] and set S n (f) := Y2=\f oTk with f -T d be a centered 
function with Fourier coefficients satisfying ()4.48p with 9 > and 

E I I 2 < Rlog~ fi (b) for some (3 > 1 . (4.55) 
[k|>6 

Set 

r 4(4 + d a )log(r)- 

m : = : — 

L log(a) 



+ 1 . (4.56) 
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where r is the spectral radius of S. Then 

m-nm(S 2 n (f)) - E(Sl(f))\\ p/2 « n 2 -^-^ + n^' 2 . 

Proof. Let f3 := a 1 / 2 , V nm := {x £ T d : m u (F(T- nm (x)) > (3 nm }, 7 := max(aP/ 8 , /9 1 /*.) 
and 

U n \ ._ ^nm/(p(2d+(i e +(i»)) _ (4-57) 

We consider the decomposition (|4.49j) with b(n) defined by (|4.57p and we set 

n n 

Sl,n(f) ■= E ° Tk alld := E ° T * ' 

k=l k=l 

First, we note that 

\\E. nm (S 2 n (f))-E(S 2 n (f))\\ p/ 2 < \\E-nm(Sl n (f))-nSt n (f))\\ p/ 2 

+ ||E_ nm (5 2 2 „(/)) - E(S 2 n (/))|| p/2 + 2||E_ nm (S 1>n (/)S 2 , n (/)) - E(5 1>n (/)5 2 , n (/))|| p/2 

< \\M_ nm (S 2 lin (f)) ~ E(^,n(/))llp/2 + 2||5 2 , n (/)|g + 4||E_ nm (5i, n (/)5 2 ,n(/))||p/2 • 

Next using ()3.32p . we get that 

||E-nm(5i,n(/)5 2 , n (/))|| p/2 < WE-nm^M) ~ n (/)) \\ p/2 

+ \\S2,n(f)\\ 2 p + \\Sl,n(f)h\\S2,n(f)h 

< \\E_ nm (Sl n (f)) ~ nsl n (f))\\ p/ 2 + 2||5 2>n (/)|| 2 + ||5 n (/)|| 2 ||5 2 ,„(/)||2 • 
By Propositions 14.21 and 14.31 (|4.55p implies that 

\- m~n(f)\\2 < , y^ l|/-E w (/)l| 2 ^ 

n>0 n>0 

which yields (|3.6p with p = 2, and then ||£ n (/)|| 2 <C \/n. Therefore, we get overall that 

||E_ nm (^(/)) -E(S 2 n (f))\\ P /2 « HE-nmC^nC/)) -E(5?, n (/))|| p/2 

+ \\S2,n(f)\\l + V^\\S2,n(f)h- (4-58) 

Since p > 2 and p/q = p — 1, (|4.48|) implies that 

1/9 



||^2,n(/)||p < «ll/2,n||p < ny ^ |c k | 

|k|>6(n) 

< ni?( p - 1 )/ p (log(6(n)))" 9 ( p - 1 )/ p < n i-e( P -i)/ P _ ( 4 59 ) 

Similarly using (|4.55p . we get that 

||^a,«(/)||a < n||/a,n||2 « " 1_/,/2 • (4-60) 

We deal now with the first term in the right hand side of (|4.58p . With this aim, we first observe 
that, for any non negative integer £, e 2t7T ^' T (')) = e 2l7T ( tst K-) i w here is the transposed 
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matrix of S . Therefore, 



l |E_ nm (/i,„./i,„ ° T l ) - E(/i, n ./i, n o T £ ) \ p/2 dX 



< esssup ( |c k || Cm ||E_ nm (e 2 -< k + t ^ m '-))(x)|) ?,/2 
x6V„m |k|,|m|<6(n):k+*S^m^0 

<( X] |c k ||c m |Ko/3" nm |k + *SV| de+ds a nm ) P/2 , 

|k|,|m|<6(n) 

according to (|4,45p and to the definition of V nm . It follows that 

/ |E_„,„(/ 1 ,„./,„orV E (/,„./ 1 , n o^)f/ 2 (i A 

<( Yl ||/||i^o/3" nm (|k| +rVl) de+ds a nm ) P/2 

|k[,[m]<6(n) 
< a Ii T r P^e+d a )/2^ n ^p(2d+d e +d s )/2 _ 

Hence, since 7 > a p / 8 , m > 4(d e + d s ) log(r)/log(l/a), and according to the definition of 
b(n), we have 

SUp f E_ nm (/ 1>n ./ 1>n oT < ) -E(/ 1)n ./ 1>n oT«) dA « a 3n mp /16 rP n(d e+ d s )/2 <<; ^2 
te{0,...,n} JV„ m 

(4.61) 

Moreover, for any non negative integer ^, 



/" * P/ 2 - - / N"^ \P/ 2 

Ck 1 1 Cm 



|k|,|m|<6(n) 

< {b(n)) dp /3 nm / d v < (6(n)) dp 7 nm < 7 nm / 2 , (4.62) 

according to (|4.46p and to the definition of b(n) and of 7. Combining (|4.6ip and (|4.62p . we 
then derive that 

l|E-n m (5 1 2 n (/))-E(5 1 2 n (/))|| p/2 
n n—i 

<2YH W E -n m U Xn ° Tifrn T»>) - E(/i >n T7l,„ ° T^')|| p/2 



i=l i=0 

< n 2 sup ||E_ nm (/i, n /i, n o T l ) - nh,nh,n o r^)|| p/2 « n 2 7 nm/p . (4.63) 
fe{0,...,n} 

Considering (flTMj) . ([jToTJ]) and (jCMD in ([OH]) , the proposition follows. □ 

4.2. End of the proof of Theorem I2TT1 Propositions IP and PI give (f3Tj) provided (f!T2j) 
is satisfied. Propositions 14.21 and 14.31 give (|3.2p (when p e]2, 4]) and ()3.5p (when p = 4), 
provided (|2.3p is satisfied. Finally, Proposition 14.41 gives (|3.3p provided ()2.2p and (|2.3p are 
satisfied. The proof follows now from Theorem 13.11 when p G]2,4[ and from Theorem 
when p = 4. □ 
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5. Appendix 

As in Section El let P k {X) = E k {X) - E fc _i(X). 
Lemma 5.1. Let p G [2, oof. Then, for any real 1 < q < p and any positive integer n, 

hp (y w\i ^ JIM^JJi „„a sr hp iy mi? « v \\x-k-^(x- k )\\l 

k>2n k>n k>2n k>n 

Proof. The first inequality is Lemma 5.1 in pQ. To prove the second one, we first consider 
the case p > q and we follow the lines of the proof Lemma 5.1 in [lj with P k {Xo) replacing 
P_ fe (A"o). We get that 

£iifl)(*-*)in« E k-i[Y.\\ p ^ x -^\i) qlP - 

k>2n k>n+l i>k 

Now, we notice that, by the Rosenthal's inequality given in Theorem 2.12 of [8], there exists 
a constant c p depending only on p such that 



J2\\Po(X_ e W p = J2\\Pe(Xo)\\ p p 

e>k 

<eJ|£P/(X ) " = c p \\X -Ek(X )\\P = c p \\X_k-MX-k)\\ p p . (5.1) 



£>fc i>k 

P 



i>k 



Now when p = q, inequality (|5.ip together with the fact that by Claim 13.11 for any integer k 
in [n + 1, 2n], ||Ao — E2 n (^o)||p < 2 p ||Xo — Efc(Xo)||p imply the result. Indeed we have 

2n 

E H p o(^-<?)||p < c p ||A - E 2 n(Ao)||£ < E ^II^o-E^Xq)^. □ 

fe>2n fc=n+l 

Proposition 5.1. Let p € [l,oo[ and assume that 

the series do = ^^Po(Aj) converges in L p . (5-2) 

Let M n := X^Li ° P J ft^d Rn '■= S n — M n . Then, for any positive integers n and N, 

n 

R n = E (S n )-E (S N )oT n + E. n (S N )oT n -J2 E p k(Xj) 

k=lj>n+N+l 
n 

+ S n - E n (S n ) - (E n+N (S N - E N (S N )) oT N -^^ Pk(X-j) , 

fe=i 

and 

\\RnWi « ||E (S n )||£' + \\E (S N )\\ p p + ||5 n - E n (S n )||£' + \\S N - E N (S N )\\ p p 

n n 

+EII E ^C'+EII E 

fe=l j>k+N fc=l j>k+N 

where p' = min(2,p). 
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Proof of Proposition 15.11 Notice first that the following decomposition is valid: for any 
positive integer n, 

n n n n oo 

R n = (*k ~ E P j(XlS) - Pk(Xj) EE P k( X -j) = R n,l + Rn,2 , (5.3) 

fc=l j=l k=!j>n+l k=l j=0 

where 

n n oo 

Rn A := E (S n ) - Y E Pk ^ and R ^ := Sn ~ E ™( 5 -) EE P k( X -j) ■ ( 5 - 4 ) 
k=!j>n+! k=l j=0 

Let N be a positive integer. According to item 1 of Proposition 2.1 in pQ, 

n 

Rn,! =E (S n )-E n (S n+N -S n )+E (S n+N -S n )-Y p k( x j)- ( 5 - 5 ) 

k=!j>n+N+l 

On an other hand, we write that S^Lo p k( x -j) = Sj^ci 1 p k( x -j) + J2j>N p k( x -j)- There- 
fore 

n 

R n , 2 = S n - E n (S n ) - (E n+N (S N - E N (S N )) oT~ N ~YY P *( X -j) ■ ( 5 - 6 ) 

k=lj>N 

Starting from (|5.3|) and considering (|5.5p and (|5.6p . the first part follows. We turn now to 
the second part of the proposition. Applying Burkholder's inequality and using stationarity, 
we obtain that there exists a positive constant c p such that, for any positive integer n, 



E E p ^) ^E|| E p ^ x i 

fe=l j> n +N+! P k=! j>n+N+! 



c pJ2\\ E p o(x, 

fc=l j>N+k 



(5.7) 



and 



EEw < c pE||E^( x - 

k=!j>N P k=! j>N 



•E|| E ^o(x_ 

fc=l j>N+k 



(5i 



The second part of the proposition follows from item 1 by taking into account stationarity 
and by considering the bounds (|5.7p and (|5.8p . □ 
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